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RECURSIVE FUNCTIONS MODULO
CO-r-MAXIMAL SETS(?)

BY
MANUEL LERMAN

Abstract. Define the equivalence relation ~ 4, on the set of recursive functions of
one variable by f~ , g if and only if f(x) =g(x) for all but finitely many x € 4, where
A is an r-cohesive set, to obtain the structure #/A4. Then the recursive functions
modulo such an equivalence relation form a semiring with no zero divisors. It is
shown that if 4 is r-maximal, then the structure obtained above is not a nonstandard
model for arithmetic, a result due to Feferman, Scott, and Tennenbaum. Furthermore,
if A and B are maximal sets, then a necessary and sufficient condition for #/4 and
Z|B to be elementarily equivalent is obtained. It is also shown that many different
elementary theories can be obtained for #/4 by proper choice of 4.

1. Introduction. In 1934, Skolem [12, Theorem 4] proved the nonaxiomatiza-
bility of arithmetic by constructing nonstandard models for arithmetic. He did
so by taking all arithmetic functions of one variable, and factoring out by the
equivalence relation f~g if and only if f(x)=g(x) almost everywhere (a.e.) in 4,
i.e., for all but finitely many x € A, where A4 is any arithmetically indecomposable
set. The model thus obtained satisfies exactly the same first order sentences as the
nonnegative integers. Tennenbaum raised the question as to whether, starting with
the recursive functions of one variable, and obtaining a model by the above
procedure, letting A be an r-cohesive set, would also produce nonstandard models
for arithmetic. In 1959, Feferman, Scott, and Tennenbaum [1] answered this
question in the negative. They showed, in fact, that any homomorphic image of the
recursive functions which is not isomorphic to the semiring of integers is not even
a model for the provable sentences of arithmetic.

For the sake of completeness, we now define some of the terminology and nota-
tion we will be using below. Other definitions will appear in the appropriate
sections.

A recursive function f, intuitively, is a total function for which there exists an
algorithm such that, for any x € N (the nonnegative integers), the algorithm will
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give us a value for f(x) after a sufficiently finite amount of computation. A rigorous
definition of recursive function can be found in [8, p. 121]. A set is recursively
enumerable (r.e.) if and only if it is the range of a recursive function, or is empty.
A set is recursive if and only if both it and its complement are r.e. A partial recursive
Sfunction (p.r.f.) fis a function whose domain is an r.e. set, and for which there
exists an algorithm as above to calculate f(x) for any x in the domain of f. The
range of a p.r.f. is also an r.e. set. The notion of an r.e. set was first extensively
studied by Post [9].

We deal, basically, with two types of r.e. sets, and their complements. For
any set X, let X denote the complement of X. A set C is cohesive (r-cohesive) if
and only if C is infinite, and for any r.e. (recursive) set B, either CNBor CN B
is finite. A set X is maximal (r-maximal) if and only if it is r.e., and X is cohesive
(r-cohesive). Friedberg [2, Theorem 2] first proved the existence of maximal sets,
and showed that every maximal set is hyperhypersimple. Robinson [11, Theorem 2]
and Lachlan [4, Theorem 8] proved that there are r-maximal sets which are not
hyperhypersimple, hence they cannot be maximal.

For any set 4, let /A denote the structure obtained from the recursive functions
of one variable under the identification f~g if and only if f(x)=g(x) a.e. in 4.
In §2, we show that if A is r-maximal, then 2/4 has no zero divisors. The aim of
this section is to find a necessary and sufficient condition for 2/4 and %2/B to be
elementarily equivalent (=) where 4 and B are maximal sets. We first reproduce
the Feferman-Scott-Tennenbaum result mentioned above. Next we prove that if
A and B are maximal sets, then #Z/4=%/B if and only if 4 and B have the same
many-one degree (4=, B). In this case, there is a recursive isomorphism between
Z|A and 2/B. A theorem of the author [5, Theorem 1] shows that there are X,
distinct many-one degrees of maximal sets contained in any Turing degree of a
maximal set, so we conclude that the elementary theory of #/4 for A a maximal
set, varies within any given Turing degree of a maximal set.

2. A necessary and sufficient condition for the elementary equivalence of the Z/A.
The hope of getting nonstandard models for arithmetic from the structures %Z/4
with A4 r-cohesive arose by direct analogy with Skolem’s construction [12]. R|A
is constructed in the same way that Skolem constructed his models, by replacing
“arithmetic” with “recursive”. The structure thus obtained is easily seen to be a
semiring, with addition and multiplication defined pointwise. Furthermore, it has
no zero divisors. For assume f-g=0 a.e. in 4, i.e., for all but finitely many x € 4,
f(x)-g(x)=0. Let B={x : f(x)=0}, and C={x : g(x)=0}. Clearly, both B and C
are recursive. Since A4 is infinite, we must have either B N A4 is infinite, or CN A4
is infinite, else /- g #0. By symmetry, assume B N A4 is infinite. Since A is r-cohesive,
we must have 4 N B=A—(B N A) finite, hence there exists a finite set F such
that A= B U F. Thus f(x)=0 a.e. on 4, i.e. f~0, which is what was to be shown.
However, Feferman, Scott, and Tennenbaum [1] proved a result which shows
that if A4 is infinite, then %#/4 is not a nonstandard model for arithmetic. Before
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we proceed with the presentation of this result, we need several definitions and a
lemma.

We assume a fixed language L, consisting of the binary relation symbol =’
(equality), the binary function symbols +’ (addition) and -’ (multiplication), the
binary relation symbol <’ (less than), individual constants 0, 1,... for all the
natural numbers, individual variable symbols x,, X,, ..., and the logical connec-
tives and quantifiers, parentheses, and comma. Our relational system is thus
(N’ +', ', =', <'>=%8. We assume also, the axioms defining equality, the
axioms defining <’ to be a linear ordering, an axiom system for arithmetic (cf.
[8, p. 103]), and the axioms

n=1+'---='1 forallneN.
(n times)

Let #/'=<{N, +, -, =, <), i.e,, let 4 be the standard model for arithmetic.
Then clearly A" is an interpretation of ®B satisfying all the axioms. Let 4 be any
r-maximal set. Then A=(R|A4, + 4, -4, =4, <> is an interpretation of B, where
if Ree{=4, 44, -4, <a}and fi¥ f¥, ... € Z|4, then R(f¥ f¥,...)if and only if
R(fi(w), fo(u), . . .) a.e. in A. For any recursive function f, let f* denote the equiva-
lence class of fin A. Henceforth we will identify #/4 with 2% and 4" with N.
This should cause no confusion.

An n-ary number theoretic relation R is said to be expressible if and only if
there is a formula S of L with exactly » free variables such that for any k...,
k,eN

(1) if R(ky, ..., k,) is true, then —S(k,, ..., k;); and

(2) if R(ky, ..., k,) is false, then — — S(ky, ..., k,).

An n-ary number theoretic function f is said to be representable if and only if
there is a formula S of L with exactly n+ 1 free variables such that for any k,, ...,
koy1€EN

3) if flky, ..., ky)=k,,., then —~S(k;, ..., Kk,,,); and

(4) '_(3! xn+1)S(k1’ LS km xn+1)'

We remark that every recursive relation is expressible and every recursive
function is representable [8, pp. 131-134].

Let R be any n-ary number theoretic relation, and S a formula of L with exactly
n free variables. We say that S serves R if and only if, for all k,, ..., k, € N,

(5) /' ES(k,, ..., k,) if and only if R(ky, ..., k,) is true; and

(6) for any r-cohesive set 4, and recursive functions fi, .. ., f,, if ¥, ..., f¥ are
the equivalence classes of f,, ..., f, in #/4, then Z|AES(f¥,. .., f¥) if and only
if R(fi(), . . ., f,(u)) is true a.e. in 4.

Let f be any n-ary number theoretic function, and S a formula of L with exactly
n+1 free variables. We say that S serves f if and only if, for all k..., k.41 €N,

(7) A ES(ky, ..., kyyy) if and only if f(ky, .. ., kn)=kn41; and
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(8) for any r-cohesive set A, and recursive functions fi, . . ., for 1, if fi¥, . . ., Sk 1
are the equivalence classes of f3, . . ., f,, 1 respectively in %/4, then

'%/ZFS(fl*9 . -’fn*+1)
if and only if f(f,(w), . . ., /i) =f,+1(u) a.e. in 4.

LeEMMA 2.1. Let R be any n-ary recursive relation. Then there is a formula S of L
with exactly n free variables such that S serves R.

Proof. We first show that if f is any n-ary recursive function, then there is a
formula S of L which represents f and also serves f.

By the above remarks, we know that there is a formula S of L which represents
f- Assume f(ky, ..., k)=k,.1. By (3), —~S(ky,..., ky41). Since A" is a model for
arithmetic, /" ES(ky, . .., kn41). Now assume A ES(ky, . . ., ky41). Then since A~
is a model for arithmetic, = +~ — S(ky, ..., Kp1). Butif flky, ..., k)=u#k, 1,
then ~S(k,,..., Kk, u) by (3), and by (4), —S(ky, ..., Ky, Xp11) 2O Xpy1 =W, i€,

Xp417U2 — S(Ky, ..., Ky, Xp41). But —Kk,,;7#u hence +~— S(ky, ..., Kkv1),
contradiction. Hence we must have f(k,, . . ., k,) =k, 1, and so (7) is satisfied.

To show that (8) is satisfied, we have six cases.

Case 1. fis the zero function; f(x)=0 for all x. Then by [8, p. 118], fis represen-
table by S: x;='x, & x,="0. Assume Z/A4 F S(f¥, f¥). Then f¥*=, f¥ & f¥=,0*.
By definition of = 4, we have f,(u) =0 for all but finitely many u € 4. But f(f1(x))=0
for all u. Hence f(f,(u))=f.(u) a.e. in A. Conversely, assume f(f1(u))=,2(u) a.e.
in 4. Then since f(f1(1))=0 for all u, f,(#)=0 a.e. in 4, hence f3*=,0*. Trivially,
f¥=, f¥ hence f* = ./ & f¥= ,0*. Thus Z/AF S(f¥, f), and (8) is satisfied.

Case 2. fis the successor function; f(x)=x+1. Then by [8, p. 118] fis represen-
table by S: X,=x,+'1. Assume Z/4FS(f¥, f5). Then f¥=,f¥+ 41*. Clearly
f¥+4 0*=,(fi + 1)*. By definition of =,, we have f,(u)=(f;+1)(u) a.e. in 4,
i.e., f(w)=fi(w)+1 a.e. in 4. But f(f1(u))=/1(u)+1 for all u. Hence f(f1(#))=/,2(v)
a.e. in 4. Conversely, assume f(f1(4))=/fo(u) a.e. in 4. Then fi(u)+1=/5(u) a.e.
in 4. Hence f¥*+ 4 1*=, (fi+1)*=4 f*, so R|AF S(f{¥, f¥) and (8) is satisfied.

Case 3. f is the projection function; f(xy, ..., x,)=x;. Then by [8, p. 118] f'is
representable by S:

X, ="X, & -&X, ="X, &Xpi1 =" X;.

Assume Z[AES(f¥,...,fx ). Then f* =, f* hence f,,,(u)=f(u) ae. in 4.
But f(fi(4), . . ., fo(u))=fi(w) for all u, hence f, (@) =Ff(fi(¥), . . ., fo(w)) a.e. in 4.

Conversely, assume f, . () =f(fi(4), . . ., fo()) a.e. in A. Then f(u)=1,.,(u) a.e.
in 4, hence f* =, f¥ ,. Trivially, f{*=, f* & - - & f¥=, f, hence

'%/ZFS(fl*a . '9fn*+1)
and (8) is satisfied.
Case 4. Substitution. Assume g, an m-ary recursive function, and Ay, ..., Ay,
n-ary recursive functions, are served and represented by formulas B, 4,, ..., 4,
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respectively. Let f be the recursive function f(xy,..., x,)=g" (X1, ..., Xn)s . .-,
hp(xy, . . ., X,)). Then by [8, p. 118], f is represented by S:

(ayl) ’ '(aym)(Al(xl’ <ees Xp, yl) & - & Am(xl, cees Xy Ym) & -B(yh «vos Yms Xng 1))
Assume Z/AES(f¥,...,f* ). Then there are g¥, .. ., g% € /4 such that

Q/ZFAI(f1*9 . wfr:k, gi’lk) & : & Am(f]?k’ . "fr:ka g:l) &B(gf’ . "g:’fn*+1)'

Hence if 1<i<m, RIAEA(fF,....[* g¥) and R|AFB(gt, ..., gk f*). By
induction, we must have A(f,(w), ..., f,(4))=g(u) a.e. in 4 for 1<i<m, and
g(gw), . .., gn))=f,.1(u) a.e. in 4. Hence for all but finitely many u € 4,

S@), . ., @) = gta(fi@)s -, 1), - - o ha(i@)s - ., [u@) = fuaia(®).
Conversely, assume f(fi(w), . . ., o)) =f.. () a.e. in 4. By definition,

SHh@, ..., fw) = gh(fi@), .. ., fs(@), - ., bu(i(@), - . ., f1W)))-

Hence

Jos l(u) = g(h(f1(w), . . °,fn(u))’ ceey hm(fl(u)9 o ,fn(u)))

a.e. in 4. For 1 Zi<m, define recursive functions g,(u)=h(f,(w), ..., f,(u)). Then
g(g1W), . . ., gn(W) =11 (W) a.e.in 4, so g(gt, . . ., gh)=4 f¥ 1 by definition of =,.
Also, h(fi(u), . . ., f(w)=guw) for 1 <i<m, so h(f¥,...,[¥)=.gF Byinduction,
for 15ism, RIAFA(f¥,....f* g¥) and R|AFB(gt,..., g% f*,). Hence
RIAES(f¥, ..., f* ) and (8) is satisfied.

Case 5. Recursion rule: f(x,..., x,, 0)=g(x1, ..., x,) and f(xy,..., X5, y+1)
=h(xy,..., Xn, ¥, f(X1, ..., Xn, ¥)), where g and h are served and representable by
F(Xy,...,X,41) and G(Xy, ..., X,,3) respectively. Let B(x;, x3, x3) be the Godel
B function; B(x;, x5, x3) is the remainder obtained upon dividing 1+ (x3+1)-x,
by x;. By [8, p. 131] B is representable by

Bt(xl, X2, X3, X4) : (EW)(XI =' (l + I(x;; + ,l) * ’X2) * 'W + ,X4 & X4 < l + ’(x:; + ,l) * IXQ).

We first show that B is served by Bt. Suppose #/A k Bt(f¥, f, f&, f). Then there
is a recursive function f; such that

[ =a (o (a1 a8 af+afE & fo <a P+ 4(fF+41%) 0.
By the definition of =,, +,, -4, <4, we must have
L) = A+ +1)-f2) fow) + 1) & fuw) < 1+(fo@)+1)-folw)
for all but finitely many u € 4. Hence a.e. in 4,
@I+ (@) + D) L) w+fuw) = fi(w) & fuw) < 1+(fs(@)+1)- /)],

hence B(f1(u), f2(u), f3(1))=f2(u) for all but finitely many u € 4.
Conversely, assume B(fy(4), f2(), fs(u))=f:(u) a.e. in 4. For all u, since B is
total, let f,(u)=B(f1(w), f5(u), fs(u)). Then f*=f,*. Since Bt represents B, for each
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u there is a v such that fi()=(1+(f5(w)+ 1) - L) - v+ i) & fa(w) <1 +(fa(u)+1
-f2(u)). Define f(u) to be the least such v. Clearly f; is recursive, and

1* =A(l*+A(f3*+Al*)'A 2*)'Af5*+A 4*&f4* <4 1*+A(f§k+A1*)'Afé*’

Hence Z|Ak Bt(f¥, f¥, f&, f), so Bt serves 8.
Now by [8, p.132], f'is representable by

S(X15 - - -5 Xns2): QY)Y (Bys)(Bt (Y1, ¥2, 0, ¥3) & F(xy, . . ., X5, ¥3)))
& Bt(yb Yo, Xnt1s xn+2)
& (Y)(Ys <’ Xns1 = QYs)@Ye)Bt(Y1, Ya) Ya5 ¥5)
& Bt(y1, 2, Yat+'1,¥e) & G(Xy, . . ., X5, Ya, ¥s, ¥6))]-

Assume Z[AFES(fF, ..., f¥2). Then there are g¥, g¥, and g¥ such that

R|AE Bt(gt, g§, 0%, g%) & F(f¥, .. .. f¥, 8%) & Bt(gt, g%, [t 1. [ D)
& (g)(8f <afa1 = (38%)(Egd)
(Br(gt, g%, 8%, %) & Br(gt, g%, gf +41%,88)
& G(fl*, . ~sfn*a gr9 g;‘, g:)))
Subcase 1. f* ,=,0* Then since Z[AEF(f¥,...,[f¥* g¥, we must have
F(fi(w), . . ., fn(u), g5(w)) true in A~ for almost all u € 4. Let us fix such a u € 4,
such that f;, ;(u)=0. By (4), there is a unique w such that F(fi(u), .. ., fu(w), w) is
true in A", so w=gg(u). Since g(f1(w), . . ., f»(1)) is defined, by (3) we must have w=
g(fi(w), . . ., fu(w)). Hence gs(u)=g(f1(w), .. ., f-(w)) for all but finitely many u € 4.
But since f¥.,=,0* and since #/AF Bt(g}, g&, 0%, g¥) & Bt(g¥, g%, [ 1, [ 2),
and since Bt represents a function, we must have g¥=, f;¥ ,, hence for all
but finitely many ue Z’ Jar oW =gs(w)=g(/1(w), . . ., fu(w)) =f(/iw), . . ., fo(u), 0)
=f(fi(»), . . ., f2+ 1)), so we are done in this subcase.
Subcase 2. f} ,# 40% Let g4(u) be f,,,(w)—1if f, . ,(u)#0, and let g,(u) be 0
otherwise. Then we can find g¥ and g¥ such that

R|AF Br(gt, gk, 0%, g%) & F(f¥, ..., f¥, &%) & Bt(g¥, g%, f¥ 1, % 2)
& Bt(gt, g5, gf, g%) & Bt(g¥, g5, gt + 4 1%, g¥)
& G(f, ..., [ gt gk, g%).

Notice that gf+,1*=,(gs+1)*=,/% 1. Since Z/AFBt(g}, gf, 1, fk2) &
Br(g¥, g%, g¥+41*,g¥), and since Bt represents a function, we must have
g¥=fX,. Now since Z|AFG(f¥, f¥,..., /¥ g¥, g¥ g¥) and G represents A, by (3)
and (4) ge(W)=h(f1(4), . . ., fr(1), g4(u), gs(u)) for all but finitely many u € 4. Since
Bt represents a function, g¥ and g¥ are uniquely determined by g¥, g%, and g¥.
If we can show that gs(u)=f(fi(w), ..., f2(4), g4()) a.e. in 4, then we will have
completed this subcase, since then we will have

Jar2) = gsw) = h(fi(w), . . ., fo(), gs(u), g5(u))
= h(fl(u)’ .. °’fn(u)’fn+ l(u)_ lai(ﬁ(u)s o "fn(u),fn+1(u)_ 1))
= f(ﬁ(u)’ .. -afn+1(u)) a.e.in 4.
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We now will show that g5(u) =f(fi(w), . . ., fo(), g4(1)) a.¢. in 4. For assume not.
For each u, let gi(u) be the least u < g,(u) such that if gg(u)=PB(g. (1), g5(u), g:(1)),
then gi(u) Zf(fi(w), . . ., f,(u), ga(w)) if such a u exists, and g,(u) otherwise. Let
g+(u) be as above, and gg(u) =B(g.(u), g2(u), gi(u)+1). Clearly, gi, g5, and gg are
recursive functions. Now if h, is such that h¥< ,g.*, hs=PB(gi, ga hs), and
he=PB(g1, g2, hs+1), then

Bt(gl(u)’ gZ(u)’ 0’ g3(u))
& F(fi), - . ., fa(u), 85(1)) & Bt(g:1(w), g2(w), fu+1(W), fo+2(W)
& Bt(g,(u), g2(u), hy(u), hs(u))
& Bt(g1(u), g2(u), ga(u)+1, he(w))
& G(fy(w), . . ., fu(w), hy(u), hs(u), he(u)) a.e. in 4,

since hf<,g*S.g¥<.fX, Hence ZJAES(f¥, ..., f* gi*+1,g:*). But if
gsw)=f(f1(w), . . ., fu(w), ga(u)— 1), and if gg(u)=P(g:(u), g2(u), gs(u)—1), then

gg(u) = h(fl(u)’ s 9fn(u)9 g;(u)— 1, gg(u)) = f(fl(u), e -afn(u)a g;(u))

But gg(u)=gs(u), hence gs(u) =f(fi(w), . . ., f(u), ga(u)). This shows that for all but
finitely many ue 4, gy(u)=g4(u), hence gi(u)=gs(u), and g;w)=f(fL(w),...,
[fa(u), g4(w)) which is what was to be shown.

To complete this case, we must now show that if f(fi(u), ..., fos1(8))=Fns21)
a.e.in 4, then Z|AF S(f¥, ..., f;¥.5). Assume we are given some recursive inductive
ordering of all ordered pairs of natural numbers. For each u, let {u,(u), v,(u))
be the least ordered pair such that

w = B(u, vy, 0) &g(fl(u)’ .. 'afn(u)) =w& B(uls Uy, fn+1(u))
= fa+2) & (X)(x < fri1(4) = By, vy, X)
=y & B(uy, vy, x+ l) =z&z= h(fi(u), .. -’fn(u)’ x, y)).

Since f is representable by S, it is clear that such u, and v, exist if f(fi(%),...,
Jur1(W))=fn 4 2(w). Define

&) = wy(w) if f(fs@), - . ., far1(®W) = frs2(w),
=0 otherwise,
and

g2(u) = v,(w) if [, ..., for200) = frr2(),

=0 otherwise.

For each recursive function h such that A* <, f* ., let g;(u)=p(g.(u), g2(u), 0),
85() =B(8:1(u), g2(w), h(w)), and g(u)=P(g:(w), g2(w), h()+1). It is clear that g,
gk, and g? are recursive, and that Z/AES(f¥, ..., fX.).

Case 6. f is the p-operator: Assume for all x,,..., x,, there is a y such that
g(xy, ..., x,, y)=0, where g is a recursive function. Let

f(xl"~'9xn) = F'y[g(xh' . ~,xn,y) = 0]'
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Then by [8, p. 134] if g is representable and served by F(xy, ..., X,42), then fis
representable by

S(xb ey xn+1): F(xla ceo Xty 0) & (y)(y < x1l+1 = " F(xl’ cees Xpy y9 0))
Assume Z/AFS(f¥,...,f* ). Then Z/AEF(f¥,...,[*, 0%, and
RIAE = F(f¥, ..., f* &t 0)

if g¥ < f¥.. Clearly g(fi(w), . . ., f+1(®))=0 for all but finitely many u € 4. For
each u, define A(u) to be the least x <f, . ,(¥) such that g(fi(w), ..., fo(u), x)=0 if
such an x exists, and f,, (%) otherwise. Clearly h*<, f¥.; and h is recursive.
Hence for each u, h(u)=f,, (w) or g(fi(w), ..., f»(4), h(u))=0. Since

{u: g(iw), . . ., fu(w), h(w)) = O}

is recursive and A4 is r-cohesive,
‘@/ZI: — F(fl*’ .. "fn*, h*, 0*) < '%/ZFF(fl*’ .. ~’fn*’ h*9 0*)

Hence we must have h(u)=f,,,(u) a.e. in 4. Hence f,,,(w)=hw)=f(/i(u), ...,
f.(w) a.e. in 4.
Conversely, assume f, , () =f(fi(®), . . ., /»(w)) a.e. in 4. Then clearly

'@/ZFF(fl*’ . -afn*+1a 0*)

and for all A* <, f¥., — R|AFF(f{, ..., f¥, h* 0%). By a remark above, it follows
that Z/Ak S(f¥, ..., [ X ). Hence (8) holds.

We must now show that every recursive predicate is served by some formula
S of L. Let P be any n-ary recursive predicate. Then the characteristic function of
P, Cp, is a recursive function which is served and represented by some formula
G(Xy, . .., X,41) of L. By [8, p. 120}, P is expressible by

S(Xyy .. .5 Xp): G(Xy, -« -« Xy, 0).

We must show that S serves P.

Assume A ES(ky, . .., k,). Then /" EG(ky, .. ., ks, 0). By (7), Colky, . . ., ky)=0,
hence P(ky, ..., k,) holds. Now assume P(k,, ..., k,) holds. Then Cp(k,, ..., k)
=0, hence by (7), /" EG(ky, . . ., k;, 0), i.e., /" ES(ks, . .., k,). Thus (5) is satisfied.

Now assume recursive functions fi, ..., f, and an r-cohesive set 4 is given.
Assume Z|AES(f¥, ..., [¥). Then Z|AEG(f¥,...,[* 0). By (8),

Co(fi), ..., f,(w) =0 a.e.in 4,

hence P(fy(w),...,f,()) is true for all but finitely many u e 4. Conversely, if
P(f\(u), . . ., f,(u)) holds for all but finitely many u € 4, then Cp(f,(1), . . ., /() =0
ae. in A, hence by (8), B|AFG(f¥, ...,f* 0%), so R|AES(f¥,....[*). This
completes the proof of the lemma.
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THEOREM 2.1 (FEFERMAN-SCOTT-TENNENBAUM). There is a sentence @ of L such
that A"k ® but R|AF — ® for any r-cohesive set A.

If 2 is any homomorphic image of the recursive functions, then unless £ is
/A4 for some r-cohesive set 4 or 2 identifies f and g if f(n)=g(n) for some fixed
integer n, then £ has zero divisors, hence cannot be a model for arithmetic. Hence
Theorem 2.1 suffices, to prove the Feferman, Scott, and Tennenbaum result.

Proof. Since < and the Kleene T, predicate are recursive predicates, there are

formulas U and S of L such that U serves, and S serves T;, by Lemma 2.1. Let
O = (x)(Ix2)(X3)(X)(U (X3, X1) & S(X3, X1, X4)) = U(Xy, X5)].

® is clearly true in 47 it is in fact a theorem of A, Assume %A F ®, where 4
is an r-cohesive set. Then for all f* € 2|4, there is a k* € Z/4 such that for all
g*, h* e R4, RIAF[(U(g* f*) & S(g*,f*, h*)) = U(h*, k*)]. Let f be the iden-
tity function, I. Then there is a recursive function k such that for all g*, h* € /4,

RIAF(U(g* I*) & S(g*, I*, k*)) = U(k*, k*)].

Let e be any Godel number for k. Letting g be the constant function e, we note
that e*< ,I*. Also, since k is total, there is a recursive function r such that
A E(x)S(e, x, r(x)). We choose h to be r. By Lemma 2.1, Z[AkU(e*, I*) &
S(e*, I*, r*). Hence we must have 2[4 F U(r*, k*), i.e., by Lemma 2.1, r(u) < k(u)
for all but finitely many u € 4. But by a well-known property of the T, predicate,
{e}(u) =k(u) <r(u) for all u, giving us the desired contradiction. Hence #/4F — ®.

Our next goal is to show that, in contrast with Skolem’s construction where all
models obtained are elementarily equivalent, we can obtain models with different
elementary theories by judicious choice of different r-cohesive sets. We will work
only with co-r-maximal sets, i.e., r-cohesive sets with r.e. complements.

We call a set S supersimple if it is r.e., and there is no recursive function f(n, m)
such that for each n, Anf(n, m) is the characteristic function of a finite set B, such
that B, N S# &. It is not hard to show that every r-maximal set is supersimple.
In [6, Corollary 2.1], Martin shows that a Turing degree a is the degree of a
maximal set if and only if a is r.e. and a’=0". He also shows [6, Theorem 3] that
an r.e. Turing degree a is the degree of a supersimple set if and only if a’=0".
It is an easy corollary of these results to show that a is the Turing degree of an
r-maximal set if and only if a is r.e. and a’=0".

We say that a set A is retraceable, if there is a p.r.f. £, such that if a,, a,, . . . are
the elements of A4 in order of magnitude, then f(a,)=a,, and f(a,,,)=a,, for all
n>0.

From now on, the letter “I” will denote the identity function. For any set C
and function f, f|¢ will denote the restriction of fto C.

PROPOSITION 2.1. If f is a recursive function, A an r-maximal set, f(A) N 4 is
infinite, and f(A)< A a.e., then f|z and 1|z differ only finitely.
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Proof. {x : f(x)>x}, {x: f(x)=x}, and {x: f(x)<x} are all recursive, and
their union is N, hence since 4 is r-maximal, one of these sets must contain all but
finitely many elements of 4.

Assume A<{x : f(x)>x} a.e. Choose x € 4 sufficiently large so that

M((yed &y zx)=([())ed&f(y) > y).

Define g(0)=x, g(n+1)=f""1(x). Then g is a recursive function which is strictly
increasing, hence its range, B, is a recursive set. Also, B is infinite, and B< 4,
contradicting the assumption that A is r-maximal.

Assume A<{x : f(x)<x} a.e. We show that 4 has an infinite subset which is
retraced by a total recursive function, contradicting the result announced by
Martin [6, p. 306, footnote 2](%), which implies that if a set is 7-maximal, then its
complement has no infinite subset which is retraced by a total recursive function.

Choose x € 4 sufficiently large so that

W(yed&y z x) = (f(»)ed &f(y) < y).

Let Xo, . . ., X, be those elements of 4 in order of magnitude which are less than x.
Define a recursive function g by
g(z) =z fz=xyV-V2z=Xxp
= f(z) otherwise.
Note that g is a total recursive function. We show that g retraces an infinite subset
of 4. Since for all z € 4, g(z) € 4, and since (ze 4 & z>x) = (g(z) <z), we con-
clude that for every z € 4, there exists an integer n such that g"(z) € {x,, . . ., Xn}=B.
Let a, be the least element of B such that for infinitely many z € 4, (3n)(g"(z) =a,).
Assume now that we have defined g, for all i <n, and that infinitely many members
of 4 map down to a, under g. Look at {z € 4 : g(z)=a,}. This set must be finite,
for otherwise {y : g(y)=a,} is recursive and would intersect A4 infinitely, hence
g(y)=a, a.e. in 4 and g(4) would be finite, so f(4) would be finite contradicting
our assumption that f(4) N 4 is infinite. Hence there must be a z € 4 such that
g(z)=a,, and infinitely many members of 4 map down to z under a power of g.
Define a, ., to be the least such z. Letting C={ao, a;, .. .}, we note that C is an
infinite retraceable subset of A, retraced by the total recursive function g, contra-
diction.
Hence we conclude that there exists a finite set F such that

Ac{x: f(x) =x}UF,
and thus f'|; and 1|z differ only finitely. This completes the proof of the proposition.

(?) We thank the referee for bringing this result to our attention. It states that a set 4
has no infinite subset retraced by a total recursive function if and only if there is no recursive
function f(m, n) such that the Anf(m, n) are characteristic functions of mutually disjoint sets,
each of which has nonempty intersection with 4. It is not hard to show that r-cohesive sets
have this property.
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PROPOSITION 2.2. Let A, and A, be r-maximal sets. If f and g are recursive
functions, nonconstant a.e. on A, and A, respectively, and f(A,)< A4, a.e., g(A;)< 4,
a.e., then they induce a recursive isomorphism between #|4, and R|4,. We can
thus conclude under this hypothesis that R|A, =R|A4,.

Proof. Define f': Z|A, — R|A, by f'(h*)=(hof)*, and g': #|4, — R|4, by
g'(h*)=(h - g)*. Note that by Proposition 2.1, fog|z,=1I|z, a.e. and gof|z
=I|z, ae. Hence g'(f'(h*)=g'(hof)*=(hofog)*=h* for h*e R|4,, and
F(@h*))=f"(hog)*=(hogof)*=h* for h* € #|A,. Thus in particular, g’ is a
one-one map from %/A4; onto #/A,. It remains to show that for any n-ary
Fe{=', +’, -, <’} and any unary recursive functions fi, ..., f,

RIAFF(E(fF), ... 8(fH)

if and only if Z/4, FF(f¥,...,f¥), and 2|4, EF(f'(f¥), ..., (f¥)if and only if
R|A,EF(fF, ..., [¥). The second follows from the first by symmetry.

RIAFF(E(fF), ..., 8(f) = RIAFF(fio)*, ..., (o ®)®)
< NEF(fi(gW)), - . ., f(gW)))

for all but finitely many u € 4,. Also,
RIALFFE(fE, .. ) <= N EF(0), .. ., f2(0))

for all but finitely many v € 4;. These follow since the recursive predicates =,
+, -, and <, are served by =’, +’, -/, and <’ respectively. Assume

A FF(fi(gW)), - - ., f(gW)))

for all but finitely many u € 4,. Then B={x : A EF(fi(x), ..., f,(x))} is recursive
and intersects A4, infinitely, since for infinitely many x € 4,, x=g(y) for some
y € 4,, and for all but finitely many such y, 4 FF(f,(g(»)), ..., f,(g(»))). Since
A, is r-maximal, B is recursive, and B N 4, is infinite, we must have 4,<B a.e.
Hence A4k F(f,(v), . . ., f,(v)) for all but finitely many v € 4,. Conversely, assume
N EF(f(v), ..., f,(v)) for all but finitely many v € 4;. Then since v=g(y) with
y € 4, for infinitely many v € 4;, /" F F(f1(g(»)), . . ., f:(g(»))) for infinitely many
y€ A, But C={x: /' EF(g.(g(x)),...,f.(g(x)} is recursive, and intersects A,
infinitely. Hence 4,< C a.e., so for all but finitely many u € 4,

N EF(fi(g@), - . ., f1(gw))).

This completes the proof of the proposition.
We say that a set A4 is many-one reducible to a set B, if there is a recursive function
fsuch that f(4)< B and f(4)< 4.

COROLLARY 2.1. If A, and A, are r-maximal sets, and f and g are recursive
functions such that f: A, <, Ay, and g : Ay<,, Ay, then f and g are unique up to
finite sets on A, and A, respectively.
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Proof. We apply Proposition 2.1 after noting that f cannot be constant a.e. on
A,, and g cannot be constant a.e. on A4,, so g o f(A4,) N 4, is infinite.

For any infinite set S, the principal function of S is that strictly increasing func-
tion which enumerates the elements of S in order of magnitude. We say that a
function f dominates a function g if f(x) = g(x) for all but finitely many integers x-
As in Martin [6, p. 295]. We call a set D dense simple if it is r.e., and the principal
function of D dominates every total recursive function. In [7, p. 273], Martin
proves the existence of dense simple sets.

PROPOSITION 2.3. Let A be r-cohesive, and B r-maximal. If there is no recursive
Sunction f such that f(A) N B is infinite, then | A% R|B.

Proof. Let e be the Gédel number of a p.r.f. with domain B. Then x € B <
(3y)Ty(e, x, y) and x € B< (y) — Ty(e, x, y). Let g be the principal function of
D, where D is any dense simple set. Since D is r.e., there is a recursive function
k(x, y) such that (x)Ayk(x, y) is nondecreasing and lim, k(x, y)=g(x). Note that
gx)=a< (y)Ar)(t 2y & k(x, t)=a). We want a formula ® of L which will be
interpreted in A" as (x)(3y)(x € B & y=g(x))V(x € B & y=0)). But to apply
Lemma 2.1, we need the scope of the quantifiers to be a recursive predicate. Let
S serve the T, predicate, U serve <, and V serve k(x, y)=z. We set

O = (x1)(3x2)(Ix3)(X4)(X5)(3Xs)
X [(S(e, X1, X5) & X, ="0) V (= S(e, Xy, Xa) & U(xs, X5) & V(X1 Xg, X3))]-

We first show Z/AF ®. If u* is a constant function and u € B, then there is a
constant w such that Ty(e, u, w). Interpreting x, as 0, we note that T,(e, u, w)
& 0=0 for all ae 4, so by Lemma 2.1, Z/4F S(e*, u*, w¥) & 0* ='0*, hence if
X, is interpreted as a constant function u* with u € B, then Z/4 F ®. If u* is a con-
stant function and u € B, then — T\(e, u, x) for all x € N, hence for every recursive
function f, — Ty(e, u, f(2)) for all z € N. Let x, be g(u), and let v= g(u). Then there
is an integer s such that for all z2 s, k(u, z)=v. For each y* € /4, define (y*)*
to be s* if y*< 45*, and y* otherwise. Then for any x*, y* € 2/4,

1 Tile, u, x(2)) & Y(2) = t(y*)(2) & k(u, t(y*)(2)) = v

for all but finitely many z € 4. Hence if u* is a constant function and u e B, then
Z|AF ®. Finally, if u* is not a constant function, then since there is no recursive
function f such that f(4) N B is infinite, {x € 4 : u(x) € B} is finite; hence defining
w(z)=psTi(e, u(z), 5), w|z can be extended to a recursive function. For the domain
of w is an r.e. set containing 4 a.e., hence there is a recursive set R containing 4
a.e., and contained in the domain of w. Let x, be 0, and let r* be the equivalence
class_ of this extension of w. Then T,(e, u(z), r(z)) & 0=0 for all but finitely many
z € 4, hence by Lemma 2.1, 2/4k ®.

We must now show that Z/BF — ®. Assume not. Interpret x, as I*, where 1
is the identity function. If the first disjunct of the scope of ® were to hold, by Lemma
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2.1, we would have for some recursive function w, T\(e, z, w(z)) for all but finitely
many z € B, which is impossible by the choice of e. Hence there must be a v* € #/B
such that for all x*, y* € 2/B, we can find a t* € /B such that

R|BE — S(e*, I*, x*) & U(y*, t*) & V(I*, t*, v*). Assume we have such a v*.
By the above comments, it is clear that 2/BE — S(e*, I*, x*) for all x* € #/B.
Hence for all y* € #/B, there must be a t* e Z/B such that 2/BF U(y*, t*)
& V(I*,t*, v*). Since g dominates every recursive function, g dominates v+1,
hence y(z)=pr[k(z, r)>v] can be extended to a recursive function. We choose the
equivalence class of this function for our y*. Then we must have for some recursive
function ¢, Z/BFU(y*, t*) & V(I*, t*, v*), hence by Lemma 2.1, t(z)=)(z)
& v(z)=k(z, t(z)) for all but finitely many z e B. But for all but finitely many
integers z, k(z, 1(z)) 2 k(z, y(z)) > v(z), hence by Lemma 2.1, Z/BF — V(I*, t*, v*),
giving us the desired contradiction.

If A is r.e., then we say that an r.e. set B is a major subset of A if B€ A, A—B
is infinite, and if C is r.e., and 4 U C=N, then N—(B U C) is finite.

Lachlan [4, Theorem 7] showed that every r.e. set has a major subset. Also,
Lachlan [4, Theorem 8] and Robinson [11, Theorem 2] have shown that there
exists an r-maximal set with no maximal superset. It is easy to show that a subset
of a maximal set M is major if and only if it is »-maximal. It is also clear that a
major subset of an r-maximal set is r-maximal.

PROPOSITION 2.4. If A and B are r-cohesive sets and A< B, then #|A=Z|B.

Proof. We must show that for any recursive functions f and g, f~g in #/4
if and only if f~g in Z/B. Assume f~g in #/A. Then {x : f(x)=g(x)} contains A
a.e., hence intersects B infinitely. Since this set is recursive, it must contain B a.e.,
so f~g in #|B. Conversely, if f~g in #/B, then {x : f(x)=g(x)} contains B a.e.,
so must contain A a.e. Thus f~g in Z/A.

By a similar argument, if Fe{+', -', <'}, we see that Z/AFF(f¥,...,f¥) if
and only if Z/BEF(f¥, ..., f¥) where f,, ..., f, are any unary recursive functions.
Hence Z/A=%/B.

COROLLARY 2.2. If A and B are r-cohesive sets, and A N B is infinite, then
R|A=Z|B.

Proof. A N B is infinite and r-cohesive, hence by Proposition 2.4,

R|A = R[AN B = ZR|B.

COROLLARY 2.3. If M is a maximal set, and A is a major subset of M, then
RIM=2R|A.

Proof. Since M< 4, and by the above comments A is r-cohesive, the result
follows directly from Proposition 2.4.

LEMMA 2.2. Let A and B be r-maximal sets. Then A=, B if and only if there

exist recursive functions f and g, nonconstant on A and B respectively, such that
f(A)<Ba.e., and g(B)< A4 a.e.
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Proof. If we have recursive functions # and k such that h: A<, B and
k : B<, 4, then h and k will serve as our f'and g respectively.

Conversely, by Proposition 2.1, the set S={x : g f(x)=x} is a recursive set
containing A a.e. We can assume that 4< S since many-one reducibility is closed
under finite differences. Note that f is one-one on S and g is one-one on f(S), a
recursive set. We can assume B< f(S) by Proposition 2.1 and the closure of many-
one reducibility under finite differences. Let a be any element of A4, and let b be
any element of B. Define

gx) =gx) ifxef(S), [f(x)=/[x) ifxes,
=a if x e f(S), =b ifxeS.

Then A<,Bviaf and B, A viag'.

THEOREM 2.2. Let A be an r-maximal set, and B a maximal set. Then #|A=%|B
if and only if there is an r.e. set D such that D is infinite, A< D, and D=,B.

Proof. If we have such a set D, then by Lemma 2.2, there are recursive functions
fand g, nonconstant on D and B respectively, such that f(D)c Ba.e., g(B)< D a.e.,
f(D) N B is infinite, and g(B) N D is infinite. By Proposition 2.2, Z/D=%|B. By
Proposition 2.4, Z/A=2|D. Hence Z|A=%|B.

Conversely, assume #/A4 =%/B. By Proposition 2.3, there is a recursive function
f such that f(4) N B is infinite. Let D=A U {x : f(x) € B}. Then D is r-maximal
and f(D) < B. By Proposition 2.3, there is a recursive function g such that g(B) N D
is infinite. Let B,=B U {x : g(x) € D}. Then B, is an r.e. superset of B, and B,
is infinite. Since B is maximal, B and B, can differ only finitely, hence g(B)< D a.e.
By Lemma 2.2, D=, B.

THEOREM 2.3. If M, and M, are maximal sets, then #|M,=R|M, if and only
l:fM1=mM2~

Proof. Since, up to finite sets, the only r-maximal superset of a maximal set is
the maximal set itself, this result follows immediately from Theorem 2.2.

COROLLARY 2.4. If M, and M, are maximal sets with different Turing degrees,
then R|M,x R|M,.

Proof. If M, and M, have different Turing degrees, then they have different
many-one degrees. Hence Theorem 2.3 gives the result.

COROLLARY 2.5. Every Turing degree a which is the degree of a maximal set
contains a class of R, maximal sets My, M, . .. such that the elementary theories
of the Z|M,, i=1,2,... are pairwise distinct.

Proof. This follows from Theorem 2.3, and the result [5, Theorem 1] that any
Turing degree a of a maximal set contains X, pairwise distinct many-one degrees
of maximal sets.
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COROLLARY 2.6. If M, and M, are maximal sets, and A; is a major subset of M,
fori=1,2, then R|A,=R| A, if and only if M, =, M.

Proof. This is an immediate result of Proposition 2.4 and Theorem 2.3.

COROLLARY 2.7. There is an infinite sequence of r-maximal sets Ag2 A2 A4, - -
such that for all i, A;— A, is infinite, and for all i and j, R|A;=R|A;, where A,
is any r-maximal set.

Proof. For all i>0, let 4; be a major subset of 4;_;. The result follows from
Proposition 2.4.

COROLLARY 2.8. If A is a major subset of a maximal set M, then A# , M.

Proof. Let f be a many-one reduction of 4 to M, g a many-one reduction of
M to 4. By Proposition 2.1, assuming A=, M, g o f|7=1|z a.e. But then g(M)=4
a.e., and since g(M) is cohesive, 4 would have to be cohesive, hence A would have
to be maximal. But a major subset of a maximal set is not maximal, contradiction.
Hence A#,M.

COROLLARY 2.9. If M is maximal, and A is r-maximal with no maximal superset,
then R|A£RIM.

Proof. By Theorem 2.2, if Z/A=%|M, then there is an r.e. superset B of A4
such that B=,, M. But in the proof of Corollary 2.8, we noted that B=,, M implies
B is maximal. But 4 has no maximal superset, yielding the desired contradiction.

COROLLARY 2.10. If A is an r-maximal set with a maximal superset M, and B
is an r-maximal set with no maximal superset, then #|Ax%|B.

Proof. By Corollary 2.9, Z/M £ %|B, and by Proposition 2.4, 2/ M=%/ A.

In conclusion, we note that, restricting our attention to maximal sets, by Corollary
2.4 and Corollary 2.5, there are many different elementary theories of structures
| M obtained from maximal sets with the same Turing degree. However, different
Turing degrees do not yield maximal sets which give structures with the same
elementary theory.

We do not know if such a result holds if we consider r-maximal sets. Certainly
there are many different elementary theories of structures obtained from r-maximal
sets with the same Turing degree. We conjecture that different Turing degrees do
in fact yield r-maximal sets which produce identical elementary theories. The
following conjectures seem reasonable to us:

(I) For any maximal set M, a is the Turing degree of a major subset of M
if and only if a is r.e. and a’=0". The only if part is clear, since r-maximal sets
inhabit only such degrees.

(IT) If 4 is any r-maximal set with no maximal superset, then a is the Turing
degree of a major subset of 4 if and only if ais r.e., and a’=0". Again, the only if
part is clear(®).

(®) The author has succeeded in proving (I) and (II).



444 MANUEL LERMAN

(IIl) For any r.e. Turing degree a such that a’=0", there exists an infinite
sequence A4,, 4,, ... of -maximal sets with no maximal superset all having degree
a, such that for all i and j, i#j, /A, £Z%|A,.

REFERENCES

1. S. Feferman, D. S. Scott and S. Tennenbaum, Models of arithmetic through function
rings, Notices Amer. Math. Soc. 6 (1959), 173. Abstract #556-31.

2. R. M. Friedberg, Three theorems on recursive enumeration, J. Symbolic Logic 23 (1958),
309-316. MR 22 #13; MR 22, p. 2545.

3. S. C. Kleene, Introduction to metamethematics, Van Nostrand, Princeton, N. J., 1952,
MR 14, 525.

4. A. H. Lachlan, On the lattice of recursively enumerable sets, Trans. Amer. Math. Soc. 130
(1968), 1-37. MR 37 #2594.

5. M. Lerman, Turing degrees and many-one degrees of maximal sets, J. Symbolic Logic 34
(1969), 641-652. -

6. D. A. Martin, Classes of recursively enumerable sets and degrees of unsolvability, Z. Math.
Logik Grundlagen Math. 12 (1966), 295-310. MR 37 #68.

7. , A theorem on hyperhypersimple sets, J. Symbolic Logic 28 (1963), 273-278.
MR 31 #2145.

8. E. Mendelson, Introduction to mathematical logic, Van Nostrand, Princeton, N. J., 1964.
MR 29 #2158.

9. E. L. Post, Recursively enumerable sets of positive integers and their decision problems,
Bull. Amer. Math. Soc. 50 (1944), 284-316. MR 6, 29.

10. R. W. Robinson, Simplicity of recursively enumerable sets, J. Symbolic Logic 32 (1967),
162-172. MR 36 #1323.

11. , Two theorems on hyperhypersimple sets, Trans. Amer. Math. Soc. 128 (1967),
531-538. MR 35 #6549.

12. T. Skolem, Uber die nicht-charackterisierbarkheit der Zahlenreihe mittels endlich oder
abzahlbar unendlich vieler aussagen mit ausschliesslich Zahlenvariablen, Fund. Math. 23 (1934),
150-161.

MASSACHUSETTS INSTITUTE OF TECHNOLOGY,
CAMBRIDGE, MASSACHUSETTS 02139



